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Linear Guidance Laws for Space Missions

Wayne Tempelman*
The Charles Stark Draper Laboratory Inc., Cambridge, Massachusetts

A general analysis of guidance laws is presented along with a review of the propagation of state perturbations.
Linearized guidance laws are derived for fixed and variable time of arrival, and for the Shuttle phasing and
height gundance maneuvers. In general, six interrelated partials are involved in each guidance law. These partials
relate the maneuver delta velocity and time of flight to perturbations in initial position, velocity, and time. The
partials can be expressed as a function of a single fundamental guidance partial, which relates the maneuver to
the final position perturbation, and the partials from the upper row of the angmented time transition matrix
(augmented with the dynamical state vector). Guidance can be interpreted as a form of offset targeting.

Introduction

PACE trajectories involve a series of coast phases
separated by maneuvers. The maneuvers can be derived by
imposing sufficient guidance constraints to uniquely define
the maneuver. The guidance constraints can be imposed on the
maneuver, postmaneuver trajectory, or some combination
thereof. Impulsive maneuvers may be assumed for many space
missions. The impulsive maneuvers can be computed exactly
or with a linearized model. The linearized model could be used
for real-time software because trajectory perturbations are
generally small, but a more likely use is in preflight covariance
analysis. The linear model contains guidance matrices for up-
dating through the maneuvers, and transition matrices for up-
dating through the coasting phases. This paper presents two
general techniques for solving the linear guidance problem.
Most applications of linearized guidance laws have been
based on fixed- .and variable-time-of-arrival guidance.!*
Many other linearized laws can be introduced by imposing dif-
ferent constraints on the maneuver and postmaneuver trajec-
tory.>¢ Some general properties of linearized guidance laws
were establishied by Cicolani.” A general solution to the linear
guidance problem was proposed by Tempelman® by introduc-
ing a generalized linear constraint equation. This paper at-
tempts to define some general techniques for establishing the
relationship between the maneuver and the perturbations in
position, velocity, and time using a more intuitive approach
than presented in Ref. 5. Fixed- and variable-time-of-arrival
guidance laws are reviewed to demonstrate the techniques and
to serve as an introduction to more complicated maneuvers,
such as the Shuttle phasing and height maneuvers.

Conic State Propagation and Properties
of Conic Transition Matrices
A linearized model of conic motion can be defined based on
the time-transition matrix ® (generally called the state transi-
tion matrix) for propagating perturbations through 'the
nominal flight time, modified by an additional term to allow
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for a time perturbation 8¢ in the flight time
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where X is the six-dimensional state (R, ¥) composed of posi-
tion and velocity, D represents the dynamical state vector
(V,A) composed of velocity and acceleration, and the
subscripts / and f refer to the initial and final points on the tra-
jectory. Equation (1) can be representéd in a seven-
dimensional matrix-vector format

oX, ® D, 8X; 8X;
= =d, I: :| 2
ot 0l 1 ot ot ‘
where 8¢ is the change in flight time, 04 a six-dimensional null
vector, and ®, is considered a (7 x 7) augmented time transi-
tion matrix. If the final perturbation is to be defined with

respect to a target trajectory (subscript £), Eq. (2) can be ex-
pressed as

83X, ® D, [X; oX; ‘
L VI[N e
ot o7 1 ot ot

where
Vs V-V,
Ay A;—A,

P ar is considered a (7 X 7) augmented relative time transition
matrix and the subscript fr represents final relative.

The change in flight time 8¢ in Eq. (2) is defined by differen-
tiating the time of flight ¢, equal to the final time t minus the
initial time ¢;

86X, =8X;+ Dbt =

at at
8t 3t r+ o, ot —dt; “)

When the change in time of flight ¢ is zero, 6¢; equals 8¢;. The
propagation of state errors is obtained by combining Egs. (1)
and (4) ‘

8X ;= 8X, + Dy (5t,—dt;) )
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The relationship between initial time and state perturbations
in position and velocity can be established by taking the total
differential of any vector (or ,scalar) function Y (X,,?;)

3% 3%
5Y =22 5X,+—0" s, 6
ax, Xt o ©

Setting 6Y equal to zero and dividing through by 6¢; yields the
‘‘equivalence relationship” betwéen the partials involving in-
itial time perturbations and initial state perturbations

Y Y
= ——D~ 7
TR Q)

i

The initial dynamical state vector may be updated with the
time transition matrix®

D;=3D, ®)

This equatron does not seem to follow rigorously by setting ¥
equal to X, in Eq. (7).

Assuming an update to the final time ¢ (i.e., 6¢,=0), Eqs
(5) and (8) can be comblned to give

86X, = 85X, —D5t; = (X, —D;ot;) ©

The update of the initial state error 8X;, & to time #; can
therefore be accomphshed in two ways. One way is to update
the initial state perturbation 6X; by an amount obtained by
multiplying’ the initial dynamical state D; by —é¢; (the minus
sign is because 6t equals — &t; when ot, is zero), and then prop-
agating the resulting perturbed state through the transition
matrix & to the final point (Fig. 1a). The other way is to up-
- date the perturbed state $X; through the flight time, and then
update an additional amount obtained by multiplying the final
dynamical state Dy by —ét; (Fig. 1b). It can therefore be con-

cluded that for lmear problems an initial time error can be

converted into an initial state error in position and velocity
using - :
6X;=—Dot; , 10

The time transition matrix ®, a symplectic matrix,® can be
expressed in terms of the derivatives of the submatrices

0% 0%

o Y
¢= ' an
%, a®,
ot ot
PERTURBED TRAJECTORY
vy TIME Y; + &Y TIME 1,

—

TIME t; B¢
X

oR; NOMINAL TRAJECTORY

b, Gpdating state 3, = 5% - DY

Fig. 1 - Different ways of updating the state perturbation in position
and time to time #;.
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where G is the gravity-gradient matrix. The following sym-
metric matrices can be derived using the symplectic property
of &

q’1¢{, (Iﬁ{?{, QIQZ’ q)gq)l (12)
The submatrices of ® satisfy
07 -3,8] =1, (13)

I, is a 3 X 3 identity matrix.

Equation (13) demonstrates that only three of the time tran-
sition submatrices are independent.

There are other formulations of the time transition matrix,3
some of which are of special interest for guidance problems.
The most important of these is the matrix that relates velocity

perturbations to position perturbatrons based on constant
tlme of flight

8V; L, L, SR; OR;
=] =L 14
] Vf ,L3 L4 BR f BR f
The matrix L is generally referred to as the Lambert transition
matrix because of the use of Eq. (14) in solving the fixed-time-

of-arrival guidance problem. Using the definition of the time
transition matrix, the Lambert matrix can be expressed as

—-&; 19, ;!
L= (15)
-7 $,%;!

where the superscrlpt — T indicates the transpose of the in-
verse. The inverse of the Lambert matrix is

1 ~&;1¢, &;!
L-l= ; . (16)
—&;7 9, %5

The diagonal submatrices in L and L~! are symmetric
[verified from the symmetries of the matrices in Eq. (12)].
The Lambert matrices can be used to propagate the dynamical
elements of velocity and acceleration

A4; v, TV 4,
MRS M
Ay Vs Vs Ay

Cutoff conditions other than time can be used to terminate
the trajectory.? Examples are central angle, flight-path angle
and velocity, and a specified direction in position space that
should contain the final perturbed position vector. For exam-
ple, if a geometric constramt is imposed at the f1na1 point in
the form

K T&X =0 (18)
where K is a six-dimensional cutoff constraint vector, then

combining Eqs. (1) and (18), solving for 8¢, and inserting into
Eq. (1) results in the seven-dimensional transition matrix &,

& 0 ‘
L I ‘ (19)
L 77 1

where
b, =P +Df,TT

_a K
39X, KD,

Guidance laws that involve updates not based on time will
generally be formulated in terms of the ®, submatrices.
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The Linear Guidance Problem

The linear guldance problem involves the determination of a
maneuver that compensates for the initial state perturbations
in position, velocity, and time. There are six conditions re-
quired to establish a conic trajectory. The initial perturbed
position vector, R; +6R (assuming an instantaneous
maneuver), determmes three conditions. Three other condi-
tions must be imposed by specifying guidance constraints to
allow the determination of the three components of the
postmaneuver velocity. These conditions can be imposed on
the maneuver and/or the transfer trajectory following the
maneuver, Examples of these conditions are scalar quantities
which are to be held fixed between the initial and terminal
points (such as time of flight or central angle), a scalar direc-
tion in which the final perturbed position is to occur, a
specified maneuver direction, and the constraint that the
maneuver is to be minimized.

The mareuver is defined as the difference between the
postmaneuver and premaneuver velocity vectors

V=V =Vi= Vi = Vo= (V= V) =V} =5V,

where V1+ is the velocity vector after the maneuver and V,,, is
the nominal velocity at the mmal position. The + superscript
indicates postmaneuver trajectory conditions. In order to use
the augmented time transition matrix &, to update the state
following the maneuver, the guidance calculation should in-
sert the final time perturbation &¢, if one exists, into the state
perturbation vector following the maneuver. The perturbed
state (6R;,6V;) used in Eqs. (1-14) will be hereafter considered
as the postmaneuver state specnfled by either (6R;,6¥ ;) or
(6R;,6V;" ) since SR} =6R,.

Most textbooks defme the guidance problem as one of find-
ing the maneuver that compensates for an initial position per-
turbation. A more general approach is to consider the
maneuvers as a function of the initial perturbations in posi-
tion, velocity, and time

BVm = GR(SRi + GVBVi + _GT(st,'

v, v, v,
= SR, +——T8V, + —125t,
aR" ' a V" ! at, '

@n

where G, and G, are the position and velocity guidance
matrices, and G the time-guidance vector. These guidance
‘matrices and guldance vector will collectively be referred to as
the guidance parameters. Imposing the required number of
guidance constraints allows the guidance problem to be solved
for the postmaneuver velocity

oV =GEoR; + G5V, + Gt 22
Comparing Egs. (20-22),
GioR;+ G5V, + G1dt;— 8V, = GroR,; + G, 8V; + G7t; (23)

Since 8R;, 6¥;, and 6¢; are independent and arbitrary,

Gr=Gf, Gy=Gy—L, Gr=G} 24)

Because the time-guidance vector G is a function of 8X; and
8t;, it can be related to the position and velocity guidance
matrices by inserting 8V, for Y in the equivalence relation-
ship, Eq. (7),

Gr=—GrV;—G A, 23)

Based on Eqs. (22-24), and assuming that the maneuver has
no effect on the final time at the next maneuver point (i.e.,
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fixed-time-of-arrival guidance), the position-velocity-time
state can be updated through the maneuver using the seven-
dlmensmnal matrix update equation

" oXH G, G| [ X, r 8X,
L &tF 07 -1 ot; L 8t

[ 6R; I, 0; 07 [6R;] OR,;

8Vi | =| Gr L+Gy Gr | | 8V, |=Ggr | 8V, (26)
| st o o7 -1 é | o, '
whc;re

oR; 0 1 0,
X = s Gns = , Gg=
) Gr Gr L+Gy

0, is a 3 X 3 null matrix. Since the final point is to remain fixed
in time, 6¢} will represent the change in update time to the
final point [i.e., 8f;* represents 8¢ in Eq. (2)]1. Gy is referred
to as‘the (7x 7) fixed-time-of-arrival (FTA) guidance matrix.

For those maneuvers that have an effect on the flight time
following the maneuver, the guldance matrix has to include
the final time-guidance partials Tk, Ty, and T7

8ty= TROR; + T8V, + Trdt;

orf att a1,
= R; + 27
3R] OR;+ oV + — Lo , @

The time partials can also be expressed in terms of the
postmaneuver conditions

8ty=THTOR} + THToV; + THot} (28)

The final time-guidance partial T, can be related to the final
time-guidance partial vectors T and T'y. Substituting 67, for
Y in the time-state equivalence relationship, Eq. (7),

TT=—T£Vi—T1T/Ai (29)
Inserting the guidance-time partials into the bottom row of

the FTA guidance matrix, Eq. (26), results in the (7X7)
variable-time-of-arrival (VTA) guidance matrix Gy

oX Gs Grps 8X; 6X;
= =Gvyr
ot T% T7! ot; ot;

SR} L 0 0 SR, oR,
3V | =|Gg L+Gy, G ||V, |=Gy| 8V,
5t T, 1L Tp—1] | & 8,

| (30)

where Ty is the vector (T,Ty). The time perturbation &z
following the maneuver is assumed to be the time perturbation
involved in updating the state to the final point -

8t =ot;— b 31

In those areas where there is to be an update of the state vec-
tor based on the nominal time plus a time equal to the initial
time perturbation (i.e., holding the final nominal time fixed),
the FTA guidance matrix Ggr can be updated through the
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transition matrix ¢4, Eq. (2), .G 8,([,+G,) B,Gr—V SR
20R 2 (43 v 2Gr—Vy i

1

&
5X, 8X, 8X, 8G; 8Gr—D; [6X, :
—%,Gpr =Gpp = | = | &+8,Grx &,(L+Gy) 8,Gr—A, | | oV, |3
ot ot 8t; 07 -1 8t;
o7 07 ~1 5

i

where 8¢ is the change in flight time following the maneuver, resulting in arrival at the final point at the nominal final time. Gy is
referred to as the (7 xX7) FTA time-guidance update matrix.
When a perturbation in final flight time exists, multiplying Gy by &, results in

1. ¢ 8X; 8X; <I>G(,+DfT,T{ ¢I>G75+Df(TT—1) 6X;
=%,Gyr =Gy = -
ot [ a ot; Tx Tr—-1 ot;

i i

® +8,Gr+ ViTE  &,(L+Gy)+V,IT  8,Gr+V(Tr—1) oR,
= ¢3+¢4GR +AfT'17-‘; ¢4(I3+GV)+A/'T5 ¢4GT+A/‘(T;1) GV,
(33
T% T} Tr—1 o,

where 6t is the change in flight time following the maneuver, and 6X is defined with respect to the nominal final pomt The matrix
Gy is referred to as the (7 X 7) VTA time-guidance update matrix. If 8¢ is to represent oy, then the lower right term in Gy should
be just 7r.

The time-guidance update matrix for variable-time-of-arrival guidance, based on a final state perturbation defined with respect
to a target trajectory (subscript ¢), can be obtained by multiplying Gy by ®,. However this result must be modified by subtracting
D, from the first six rows of the last column singe, for 1nstance the desired position perturbation due to an initial time perturbation
must consist of the terms .

(8,61 —Vy+ VyTr)dt, = 8,8V, — Vo1, + Vb1, (34)

" The resulting time-guidance update matrix is

86X 6.X; &G, +Df,.’1§ ®Gr+ D, (Tr—1)-D, 8X;
=Grvr = ’

ot ot; 1% Tr—1 8t
8, +8,Gr+ V,TE &, (L+Gy) +V,Th  8,Gr+V,(Tr=1)-V, 3R,
? @3 +q)4GR +Afr7$ @4(I3+GV) +AfrT5 ¢4GT+Afr(TT_l)_At 6V1 (35)
T} Ty R 8,

where 8¢ is the change in flight time. Gy is considered the relative VTA time-guidance update matrix.

Solving the Linear Guidance Problem

There are two basic methods of solving thé linearized guidance problem. One way, referred to as the direct guidance method is
based on updating the initial perturbed state, modified by the maneuver, to the terminal point at time #, -+ 8¢,

SR, =88R, + @, (8, +58V,,) — Vo1, + V.81, (36)

Equation (36) must be combined with the guidance constraints, which are generally imposed on the maneuver and/or the final posi-
tion perturbation, and solved for the maneuver in terms of the initial state perturbations. The time-guidance update matrices, Egs.
(32),.(33), and (35), are useful in the direct guidance method since they include the effects of the maneuver.

The other method, referred to as the offset guidance method, is based on the principle of linear superposition. A trajetory based
on the nominal trajectory plus the initial state perturbations in the nominal may be extrapolated to the nominal final time ¢,
obtaining

A trajectory may also be extrapolated to the same time based on the nominal trajectory plus the desired maneuver, obtaining

an]—l o
=—— oV,, 6V,=——9R : 38
= | v =g, (39)

Because the maneuver is to compensate for the initial state errors, the principle of linear superposition can be used to establish
that at the nominal arrival time: 1) the two extrapolations are equal in magnitude and opposite in direction for fixed-time-of-arrival
guidance (Fig. 2), and 2) the two extrapolations differ by the relative motion — V8¢, (assuming a target vehicle) for variable-time-
of-arrival guidance (Fig. 3). The difference between the nominal and the final perturbed trajectory is — ¥,8¢ at both the nominal
time of flight and at time £+ ¢, (see Fig. 3). For fixed- and variable-time-of arrival guidance, respectively, the principle of linear
superposition therefore yields

SR;+8R;, =0,  8R;+8R,,=—V,dt, (39)
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TRAJECTORY BASED ON Fixed-Time-of-Arrival Guidance .
PERTURBED INITIAL STATE . . . . . . .
TRAJECTORY } Fixed-time-of-arrival guidance is frequently defined as im-

FINAL POINT

NOMINAL
TRAJECTORY

6Rfl

INITIAL
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ON MANEUVER

=fm

R

+
Vi om VY 6V,

Fig. 2 Use of offset guidance method to solve FTA guidance
problem.

A special guidance matrix can be defined by
8V,,= —GgppéR; . ' (40)

For fixed-time-of-arrival guidance, this guidance matrix can
also be expressed as

The matrix Ggy is considered the fundamental guidance
matrix because once found the other guidance partials, G

and Gy, and the guidance vector, Gy, can easily be obtained
by combining Eqs. (21), (37), and (40):

Gr=—Gpr®,  Gy=—Gypr®:, Gr=GpeV, (42)

Eliminating Gip between the relationships in Eq. (42) yields
Gr=G,%;'®,, G,=Ggdi'®,
Gr=—Gp®7V;= -G 85V, 43)

The FTA guidance matrix Gy can be expressed in terms of
the fundamental position guidance partial Gy [see Eq. (26)]:

I 0, 0
Grr=| —Grr® ~Gpr®, GreVy (44)
o7 0T -1

The FTA time-guidance update matrix G can also be ex-
pressed in terms of Ggr [see Eq. (32)]:

@ —®,Gre®1 P25 —Gre®:)  B:Gre¥Vi— Vs
Gre=| ;- ®,Gpr®; 24 (I; - Gpp®;) 24Gre¥V;—As
o7 07 -1
45

The guidance laws considered herein are linearized using
both direct and offset guidance methods for comparison pur-
poses. The offset method is new, whereas the direct method
" has been employed in the past. The analysis contained herein
is restricted to guidance constraints that involve the time,
maneuver, and terminal position perturbation. Since all Shut-
tle guidance laws and apparently all guidance laws presented
in the literature deal only with these quantities, this approach
applies to all known guidance problems. The approach can be
generalized to allow constraints on the final velocity
perturbation.

plying not only a constant time of flight but also a
postmaneuver trajectory that passes through the final nominal
point. This form of FTA guidance is sometimes referred to as
Lambert guidance to distinguish it from other FTA guidance
laws such as the Shuttle phasing and height maneuvers. These
maneuvers are not constrained to coincide with the final
nominal point.

The offset guidance approach to deriving the guidance laws
associated with Lambert guidance involves the determination
of the fundamental guidance matrix Gy from the guidance
constraints. Since the guidance constraints are such that éR;
should be zero at the final nominal time, the matrix Gye can
be obtained using the model of linearized motion represented
by either the time or Lambert transition matrices [see Eq.

191]:

oR oR
6Rf—a—Rf5R aV,.f SV =®,0R, + 9,8V}
aVv; vy .
(46)
Setting 6R; equal to zero in either of Eqgs. (46) results in
+ -1
e =" _ [ﬂ] =3;! @
oR, vy

The guidance partials can be obtained by combining Egs. (42)
and (47).

To derive the Lambert guidance law using the direct
guidance approach, the FTA time-guidance update matrix,
Eq. (32), can be used since this matrix was based on a guidance
matrix that contained the effects of the maneuver. Because the
postmaneuver trajectory passes through the final nominal
point at the final time, all three terms in the upper three rows
of Eq. (32) can be set equal to zero to obtain the Lambert
guidance laws

GR= —q)z_lq)l
Gy=—%;'®=-15, Gj=0,

in agreement with the results from the offset guidance ap-
proach. The Lambert maneuver 6¥,, is found using Eq. (21)

oV, = —85'9,6R, —8V;+®," V81 “9)
One way of deriving the time-guidance vector is to convert

the initial time perturbation into initial perturbations in pos1-
tion and velocity [see Eq. (10)}

SR,=—~Vdt, &V,=—At (50)

The maneuver, based on perturbations in 6R; and 6V, is given
by Eq. (49) [see Eq. (8)]

8V, =GRrdR,; + G, 8V, = (8;18,V,+A,)ot,

=87 1(8, ¥V, +$,4,)8t, = &5 V51, = G5, 1) -

The derivative of the position guidance partial G can be
obtained with the aid of Eq. (11)

dt

=9;1957 (52)



500 W. TEMPELMAN

TRAJECTORIES AT;
TIME ¢
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TIME t; + Bt Vet
Vet

NOMINAL TRAJECTORY

TRAJECTORY BASED ON MANEUVER
TRAJECTORY BASED ON INITIAL ERROR

PERTURBED TRAJECTORY

Fig. 3 Linearized motion at final point for VTA guidance with
negative ;.

Since the initial condition for the integration of Eq. (52) in-
volves a matrix containing infinite terms (because an infinite
velocity is required for an instantaneous correction of a posi-
tion perturbation), the derivative of the inverse matrix can be
used:

dGg!
dt

=& 1077 (53)

which shows that G must be symmetrical since the initial con-
dition for Gy is a null matrix.

Battin!® presents a different differential equation for G,
which was originally referred to in the literature as the Q
matrix (Battin uses the symbol C*)

dGy!
dt

=1, - Gr'GsGy! (54)

Equation (54) must be integrated backward along the trajec-
tory with the initial condition of a null matrix.

Variable-Time-of-Arrival Guidance

Variable-time-of-arrival guidance involves selecting a time
for the terminal point on the perturbed trajectory that differs
from the nominal final time. Frequently, the state perturba-
tion is constrained to intercept a target trajectory that passes
through the final nominal point. The perturbation in flight
time is selected to minimize the maneuver magnitude. The off-
set guidance approach is based on combining Eq. (38) and the
second equation in Eq. (39)

v,
8V, =—=""0R,, = — 85 (3R + V) (55)

where ®; ! has been substituted for dV,,/3R, since there are
no constraints imposed on the maneuver. Because 87, is going
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to be a function of the initial state errors that appear in 6R;,
Eq. (55) cannot be used to justify setting the Ggr matrix equal
to ®; !. Minimizing the maneuver with respect to 8¢, can be ac-
complished by differentiation and setting the result equal to
zero, or by subtracting -from 6V, the component of 6V,
which lies parallel to the vector ;! V.. Solving for &, and
combining with Eq. (55) yields

oV, =G, %5 '6R, (56)

where
GTr = 13 - GTr G'{r/d’ GTr = q)2_1 Vfr’ d= G%rGTr

The fundamental guidance partial for VTA guidance is [see
Eq. 38)]

Grr=Gr, =3 (7)
When the target and perturbed trajectories are to intersect
at rendezvous, the direct guidance approch used to obtain the
guidance partials is defined by setting the terms in the relative
VTA time-guidance update matrix, Eq. (33), equal to zero,
resulting in the interrelations between the guidance laws and
the guidance time partials
Gr=~®; ' (V,TE+®,), Tr=—(GRe]+®)V;/c
Gy=—0;" (VTP +®,), Ty=—(GIoT+®])V,/c
Gr=—0¢5( VoTr—Vy), Tr=- (GT®] - V}') Vi/c (58)

where
c= V}; Vfr i

Whenever the fundamental guidance matrix satisfies Eq. (42),
Eq. (58) can be reduced to

Tr=0] (GL®] -L)V,/c
TV=¢{(G£F®{_I3)Vfr/c
Tr=—VEH(GL®] ~L)V,/c (59)
The direct guidance approach to VTA guidance defines a
final position perturbation relative to a target trajectory by
propagating the postmaneuver state perturbations 6R;, 6¥;,
and &¢;, and then adding a term to introduce the relative mo-
tion with respect to the target trajectory during the time &8¢,
OR;=® 3R, +®,8V;" — Vbt + V6L, (60)
Setting 6R; equal to zero and solving for 8V} yields

Vi = —@5'®,0R, + &5 1 V01, — 871V 81, (61

Introducing the FTA position guidance matrix Gypr and the
time-guidance vector Gypr [see Eq. (48)] allows Eq. (61) to be
expressed as

Vi =6Vig — Gr, bt (62)
where

BVI;—G = GRFTBRI' + GTFT(Sti

Grer=—9;'®,

Grrr=—%';

G, =%;'V,
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The equation

316V —oV,1 _alsv,|

63

defines the minimization of the maneuver magnitude.
Minimizing the function in Eq. (63) with respect to ot;, and
then solving for 8¢, yields the time-guidance partials

TR =GRFTGTl‘/d= _Qz_lq)l@2_1 Vf,./d
TV=GVFTGTr/d= _®2_1¢2¢2_1 Vﬁ./d= —GTl‘/d
Tr=GlrGr,/d=VI®578," 'V, /d (64)

where d is the magnitude defined in Eq. (56) and Gygy is the
FTA velocity guidance matrix [see Eq. (48)]

Gvrr= -1 (65)

All three time-guidance partials are obtained by multiplying

the vector Gy, by the corresponding FTA guidance law, and

then dividing by d. Note that the time-guidance partials satisfy
the equivalence principle represented by Eq. (7).

The time partials can be inserted into Eq. (62) using Eq. (27)

oV =Gr,8Vig + (I; — Gy, )oV; (66)

where Gr,, a matrix projection operator, is defined in Eq.
(56). The corresponding maneuver 8%, for VTA guidance is

8V, =8V =8V, =Gr, (8Vi — V) (67
where 8V, is perpendicular to the vector Gy,. There will be no
maneuver required when the initial perturbations satisfy the
relationship

8V;=0Vig=~2; ' (2,6R; - V;0t;) (68)

The guidance laws are obtained by comparing Eqgs. (21),
(24), and (67):

Gr=GrGrer

Gy=GpGypr=—-Gr, G}=IL;-Gr,

Gr =G Grer (69
All three of the FTA guidance laws are multiplied by Gy, in

order to obtain the corresponding VTA guidance law. The
matrices Gz and G are symmetrical. Inserting the definitions

Table 1 Summary of FTA and VTA guidance laws

Guidance category Guidance laws

Fixed-time-of-
arrival guidance

Ggrr=%; ' =Gyppr
Ggr=—Ggp® = -85 '® =Grer
Gy=—Grp®,= — 95 '®,=Gypr
Gr==GrpV;=%;'V;=Grer

Ggr = G1:Grrrr = G ®3 !
Tg =GrprGr,/d=] (Gkp®T = 1,)V /¢
Ty=GyprGr,/d=3] (GEp®] - I3) ¥, /c
Tr=GrprGr/d= — V] (Gr®] — 1)V /e
Gpr =G, Grrr = — Grr¥y
Gy =G1:Gyrr = — Grr®,
Gr=Gr,Grpr=Crr ¥y

Variable-time-of
arrival guidance

— T
Gre=13 _GTrG{:r/d’ G =%; ! Vfr' Vfr= Vf_ Vi, c= V};Vfr’ d=G1;Gr;-
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for Gygpr, Eq. (65), and the FTA parameters, Eq. (62), into
Eq. (69) results in

Gr=—%;' (I, V, V5071 /d)®, = Gep®,
Gy=—8;'(I;~ V; Vi 7051 /d)®, = Gre®,
Gr=3;" (L= V, V7,8 7851 /d)V;= — Gy Vs (70)

Because a vector multiplied by a matrix projection operator
based on the same vector is a null vector, the following condi-
tions apply to the velocity time-guidance partial T,

GIT,=0, GIT,=0, GIT,=0, GLT,=0 (71)

Shuttle Phasing and Height Maneuver Guidance

Two of the maneuvers involved in typical Shuttle rendez-
vous profiles are- phasing and height maneuvers. These
maneuvers are constrained to be horizontal maneuvers. They
differ only in their final position constraints. The phasing
maneuver terminates on the plane that contains the final
nominal position vector and is normal to the orbital plane.
The height maneuver terminates on the horizontal plane at the
final point. Frequently, both the phasing and height
maneuvers will be contained in the same rendezvous sequence.
The first maneuver in the sequence is usually followed by an
update through half of an orbital period, with the second
maneuver followed by an update to a given time.

The offset guidance approach to deriving guidance laws for
phasing/height guidance involves directly applying the
guidance constraints to obtain the fundamental guidance
matrix Ggr. The maneuver is obtained by multiplying the unit
vector Uj; in the horizontal direction by the magnitude of the

- maneuver §¥,;. This maneuver can then be propagated along

the trajectory using the submatrix &, from the transition
matrix, which extends from the maneuver point to the point at
which the phasing or height constraint is imposed. For an
““NREV”’ transition matrix with N equal to 0.5, Eq. (19) can
be used after finding the time partial T by differentiating the
period of the orbit, multiplied by 0.5, with respect to the state.
The desired component of the final position vector is then ob-
tained by dotting the updated position vector with the normal
to the plane direction K

K"®,U,8V,;=K"sR,, (72)
where
K=unit(R/) for height maneuver
=unit ((R; X V;) XRy) for phasing maneuver

Solving Eq. (72) for §V,; and using the maneuver definition

8V, =UydVyi = UpKToR,,, /K79, U, - 73)

allows the fundamental guidance partial to be obtained by
comparing Eqs. (41) and (73)

GRF = UthT/(KT‘tz Uhf) (74)

Equation (74) can be combined with Eq. (42) to obtain the
guidance partials.

The derivation of the phasing and height guidance laws by
the direct guidance method starts with the update of the per-
turbed state including the maneuver.

OR;=%,0R; + 3,8V — V,dt; (75)
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where &, and &, are from the transition matrix which extends
from the maneuver point to the point at which the phasing or
height constraint is imposed. The constraint that the manevuer
must be horizontal dictates that

oV =U, 8V, +6V; (76)

The constraint that the final point must lie in a specified plane
can be expressed as

K75R,=0 an
where K is defined in Eq (72). Combining Egs. (75-77),
KT[®,6R; + &, (U, 8V, +8V,;) ~ V61,1 =0 (78)
Solving for 6V,
V= —KT(2,6R, + ®,8V,— V,81,)/ (KT®,U,;) 79
Since the maneuver equals U6V,
8V, = — U, K7 (28R, + 8,0V, — V61,)/ (KT®,U,;)  (80)
which leads to the same guidance laws as obtained with Gy
Gr=~U;K"®,/(KT®,U,)
Gy=—Uy,K"®,/(K"®,Uy)
Gr=U,KTV,/(KT®, U,,,-’) (81)

Note that the guidance laws are interrelated according to the
equivalence principle, Eq. (7).

Conclusions
Linearized guidance laws define an impulsive maneuver
which nulls the effects of initial state perturbations in posi-
tion, velocity, and time. The fixed-time-of-arrival linearized
guidance problem can be formulated in terms of two guidance

J. GUIDANCE

matrices, Gr and G, and one guidance vector, Gy. These
quantities must be supplemented by two final time partial vec-
tors, T and Ty, and one scalar, T, when solving the
variable-time-of-arrival guidance problem. The guidance
parameters G, Gy, Gy, Tr, Ty, and T can all be expressed
as a function of a single fundamental guidance matrix Ggg.
The guidance parameters can be inserted into guidance
matrices, which allow the initial state perturbations to be up- -
dated through the maneuver. When the guidance matrices are
multiplied by the augmented time transition matrix, the time-
guidance update matrices are obtained which propagate the in-
itial state perturbation to the final desired point. Table 1 sum-
marizes the fixed- and variable-time-of-arrive guidance laws
and their interrelations.
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